Abstract: This study presents a theoretical design study of a novel three-dimensional micromachined hemispherical shell antenna for ultra-wideband millimetre-wave imaging applications. The antenna is composed of a hemispherical metallic shell which is suspended on top of a high-resistivity silicon substrate using a thin silicon stem. The antenna exhibits two different operational modes and an exceptionally wide bandwidth of more than 80 GHz at the centre frequency of 120 GHz. Simulation results indicate that the antenna performance is highly sensitive to geometrical variations and hence to fabrication inaccuracies. Performing a complete sensitivity analysis using full-wave simulations requires numerous simulation steps and is therefore time-intensive and impractical. This study provides closed-form solutions for all performance metrics of the antenna, followed by a comprehensive theoretical-based sensitivity analysis for evaluating the effects of fabrication imperfections on its bandwidth. The antenna structure is then calibrated for ultra-wideband operations and low sensitivities to fabrication inaccuracies.
Introduction
A large number of worldwide licence-free bandwidths have recently become available in the millimetre-wave (mm-wave) region (30-300 GHz), triggering the development of high-performance devices and systems for industrial, scientific, and medical applications. These bands include the 60 and 122 GHz bands for broadband communication, the 96 and 140 GHz bands for radar imaging, and the 120 GHz band for radiolocation [1] . Various mm-wave antennas have been developed for these applications including patch antennas [2, 3] , microstrip antennas [4, 5] , slot antennas [6] , cavity antennas [7] [8] [9] , and dielectric resonator antennas [10] . To the knowledge of the authors, there has been no report of any ultra-wideband mm-wave antenna in this literature with a bandwidth of more than 40 GHz [11] . This paper investigates a novel, exceptionally wideband three-dimensional (3D) antenna: namely, the micro-hemispherical shell antenna (µ-HSA). The antenna is suitable for high-resolution imaging and sensing applications in the mm-wave regime.
The concept of wideband biconical dipole and conical monopole antennas was first introduced by Lodge in 1898 [12] . The bandwidths of these antennas can be increased further by tapering their radiating surfaces into curved shapes [13] . Spherical and ellipsoidal monopoles and dipoles were subsequently developed by Stohr [14] , demonstrating the widest bandwidths among all tapered conical-derived antennas. HSAs with monopole-like radiation patterns operating below 10 GHz were recently introduced for the purpose of reducing the weights of spherical antennas and facilitating their handling [15] . However, feeding these antennas is challenging as they need to be placed and held on top of a ground plane. Microfabrication of HSAs for operation at higher frequencies (i.e. the mm-wave regime) can address this issue. However, no fabrication platform existed until recently for this purpose. The concept of the µ-HSA was motivated by the recent fabrication of 3D, free-standing, curved structures in micron scales which have been used for other purposes such as micro-electromechanical systems (MEMS) resonators [16] . Fig. 1 shows the geometry of the antenna. The antenna is composed of a hemispherical metallic shell suspended on top of a high-resistivity silicon substrate using a thin silicon stem. The shell antenna is fed using two coplanar waveguide (CPW) lines which are printed on the back side of the silicon substrate. Two vias, shown in the inset of Fig. 1a , pass through the substrate and the stem to connect the antenna structure to the CPW feed lines. The antenna has therefore two feeding ports and can operate in two different modes. The common mode is achieved when the ports are excited with a 0°phase difference (in-phase feeding). An omnidirectional radiation pattern is attained in this case. In contrast, the antenna demonstrates a directive radiation pattern and a high gain in the differential mode, when the ports are excited with a 180°phase difference. The working principles of the antenna in these two modes will be comprehensively studied in this paper.
The µ-HSA is a suitable candidate for a wide range of applications due to its dual-mode operation and ultra-wide bandwidth. The differential mode is of particular interest for imaging and radar systems, and we recently demonstrated this using numerical simulations [17] . The common mode is of interest for high-speed mm-wave wireless communications [15] . A great advantage of the µ-HSA is that it can be directly integrated with complementary metal-oxide-semiconductor front-end circuitry due to its silicon-based fabrication process, resulting in size and cost reductions of the final system.
Our preliminary simulations demonstrated that the performance of the µ-HSA could be extremely sensitive to physical dimensions and feeding geometries, and therefore to fabrication tolerances. For instance, for a representative µ-HSA with a diameter of 1200 µm, the bandwidth would be reduced by 20% if the diameter size is reduced by only 30 µm. Therefore, the antenna should be designed for minimal sensitivity as well as optimal performance. A huge advantage of this antenna is that it has a spherical and fully symmetrical structure and so theoretical formulations can be derived for its performance metrics. Other similar ultra-wideband antennas such as the helix or waveguide antenna [18] [19] [20] do not show this advantage. Theoretical analysis provides a great and efficient tool for analysing the sensitivity performance of the antenna.
This paper provides a complete theoretical analysis of the µ-HSA. Closed-form solutions are derived for the antenna radiation pattern, input impedance, bandwidth, and directivity. ANSYS high-frequency structure simulator (HFSS) [21] simulations are compared with theoretical derivations and demonstrate excellent agreements. The common and differential modes are analysed in Fig. 1 Geometry of the µ-HSA. The antenna is held on top of a thin substrate using a short stem and fed with two CPW lines which are connected to the antenna by vias passing through the stem and substrate a 3D schematic view. The inset shows the configuration of the vias b Side view Fig. 2 Current distributions in the common mode a Surface current distribution on the µ-HSA in the common mode. The current lines propagate from the feed points to the top surface, causing the antenna to demonstrate an omnidirectional radiation pattern. HFSS simulations are performed on a representative shell with a diameter of 1200 µm, supported by a stem of height 70 µm on a 100 µm thick substrate. Surface currents are plotted at the centre frequency of 88 GHz b Distribution of the surface currents on the µ-HSA operating in the common mode c Geometry of a circular array of infinitesimal dipoles with a radius of a cos θ ′ Sections 2 and 3, respectively. Section 4 analyses the sensitivity of the antenna bandwidth to geometrical variations and provides design guidelines for both operation modes. Section 5 summarises and concludes this paper. Fig. 2a demonstrates the surface current distribution on the µ-HSA in the common mode. As depicted, the surface currents are unidirectional, propagating from the feed point to the top surface and generating radiation along the curvature. This performance enables the µ-HSA to behave as a surface-wave antenna and demonstrate an ultra-wide operational bandwidth.
Common mode
For the case of in-phase feeding, the total phasor current I 0 originating from the vias divides into uniformly distributed travelling-wave surface currents of J s = I 0 e −jkaθ ′ /(2πa cos θ ′ ), where a is the shell radius and θ ′ is the angle between the tangential surface currents and the z-axis (Fig. 2b) . Time-harmonic variations of the form e jωt are considered in the above formulation. The angle θ ′ changes from 0 to π/2 according to Fig. 2b . The µ-HSA in this mode can be considered as an integration of circular arrays of infinitesimal dipole antennas. The arrays are placed parallel to a ground plane and are arranged on top of each other. The distance between the base of the shell and the ground plane, h, is determined by the substrate and stem thicknesses. As explained in Section 4, thick substrates and stems should be avoided as they generate higher-order surface-wave modes in their structures which in turn degrade the radiation pattern and efficiency of the antenna. Considering this, the substrate and stem thicknesses will be insignificant compared with the shell diameter, and their effects are neglected in the theoretical analysis described below.
Each array (for example, the dotted circular path shown in Fig. 2b ) consists of several infinitesimal dipole antennas, each with a length of a dθ ′ and oriented in the θ ′ -direction. As the first step toward analysing the common mode, the far-field radiation pattern of one of these circular dipole arrays will be derived.
Vector potential of a circular array of infinitesimal dipoles
A circular array of infinitesimal dipoles with its centre located at the origin of the coordinate system and having a radius a cos θ ′ is presented in Fig. 2c . Each dipole antenna carries the current of
and is oriented with an angle of θ ′ with respect to the z-axis. The far-field radiation pattern can be derived by exploiting the electric vector potential A. The current on each dipole will be separated into two components in theẑ andr directions. The z-component of the vector potential will be derived according to Fig. 3a . The value of the vector potential corresponding to a vertical dipole placed at the position of j = j ′ at a point P can be calculated as
where R is the distance between the corresponding dipole and the point P. In the far-field, by substituting R ≃ r in the amplitude term and R ≃ r − a cos θ ′ cos c ′ , where cos c ′ =r.r΄ = sin θ cos(j − j ′ ), in the phase term, (1) can be written as
The vector potential of the array is found through integration
where J 0 is the Bessel function of the zeroth order [22] . The vector potential for the ρ-component can be derived according to Fig. 3b . Since the current paths are confined to thê r-direction, the resulting vector potential for each dipole will merely consist of the dAρ component. dAρ cannot be directly obtained from the currents flowing in the ρ-direction and should be calculated by mapping the currents on the x-axis as demonstrated in Fig. 3c . Considering a pair of infinitesimal dipoles placed on the x-axis and having current elements
flowing in opposite directions, the vector potential can be derived as
where R 1 and R 2 are the distances between the corresponding dipoles and P. At the far-field point P, R 1 and R 2 in the amplitude terms of (4) can be approximated with r (the distance between the origin and P). Considering the far-field approximation for the phase terms
and (see (6)) where J 1 is the Bessel function of the first order [22] .
Radiation pattern of a circular array of infinitesimal dipoles
According to the image theory, the far-field radiation pattern of a circular array of dipoles placed on top of a ground plane can be derived from the equivalent configuration shown in Fig. 3d . The circular array and its image are placed at a distance h ′ from the xy-plane expressed as
The far-field vector potential is obtained by superimposing the vector potentials of the array and its image. The z-component of the vector potential at a far-field point P can be written as
where r 1 and r 2 are the distances between the point P and the centres of the two arrays. We substitute r 1 ≃ r − h ′ cos θ and r 2 ≃ r + h ′ cos θ
into the phase terms of (8) to obtain the far-field approximation
The vector potential for the ρ-component is also derived in a similar manner
The far-field radiation pattern of the circular array plus its image consists only of the θ-component (see (11)) 2.3 Radiation resistance, pattern, and directivity in the common mode
The µ-HSA in the common mode consists of a continuous combination of circular dipole arrays placed on top of each other above a ground plane. Each circular array resonates at a specific frequency depending on its height (l = 13 h ′ as extracted in Appendix 1). Referring to (7), the array diameter corresponding to this frequency can be found as 2a cos
Owing to the wide range of array heights and the resulting array diameters, the µ-HSA performs as an ultra-wideband omnidirectional antenna. The radiation pattern of the µ-HSA at each operating frequency is dominated by that specific circular array which resonates at that frequency [23] . The normalised E-plane radiation pattern of a circular array at a height of h ′ = l/13 above the ground plane is demonstrated in Fig. 4a . For comparison with theory, HFSS simulations are performed on a µ-HSA with a diameter of 2a = 1200 µm placed at a height of h = 170 µm above the ground plane at the centre frequency of 88 GHz. The normalised E-plane radiation pattern obtained using 
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HFSS is also plotted in Fig. 4a and completely matches the theoretical derivation. The parasitic radiation below the ground plane in the simulated pattern is due to the finite size of the ground plane. The pattern is independent of j and is therefore omnidirectional in the H-plane. The time-averaged power moving out of each circular array with electrical and magnetic fields of E and H can be written as (see (12)) where R r is the radiation resistance of the array. The radiation resistance of each circular array can be derived from the above expression (see (13)) Similar to the radiation pattern, the radiation resistance of the µ-HSA is dominated at each operating frequency by the radiation resistance of the specific circular array which resonates at that frequency. To evaluate the bandwidth of the antenna, variations of the radiation resistance with respect to frequency need to be examined. The upper-bound of the operating frequency range for a shell with a diameter of 1200 µm is determined by the circular array for which the height h ′ = h + a − a sin θ ′ = l/13 is at its minimum value (h ′ = h). This corresponds to f = 130 GHz for the µ-HSA of Fig. 2a . However, the corresponding loop diameter for this height becomes zero, and therefore no radiation occurs at this frequency. The upper-bound frequency is consequently at a lower value of 110 GHz. The radiation resistance of the µ-HSA is plotted from (13) in Fig. 4b and is shown to increase exponentially with frequency.
The input impedance of the µ-HSA at each operating frequency can be approximated as
where R r is the radiation resistance of the corresponding array of infinitesimal dipoles. The resistive loss of the antenna (R l ) can be ignored due to the high values of the radiation resistance (R r ) as seen in Fig. 4b . The reflection coefficient can be calculated as
where Z ref is the reference impedance. The reflection coefficient of (15) is depicted in Fig. 4c for a reference impedance of 75 Ω. It is seen that the µ-HSA in the common mode demonstrates an ultra-wide operational bandwidth of more than 60 GHz, from 50 to 110 GHz. The simulated S 11 of the corresponding µ-HSA of Fig. 2a is also plotted in the same figure for comparison. It should be noted that the simulated S 11 is shown at the connection of CPW line and vias, and mismatching effects are not taken into account as the theoretical approach does not include them. The antenna still demonstrates an ultra-wideband performance and 
reasonable agreement is achieved between theoretical derivations and HFSS simulations. The directivity of the antenna can be written as
A coefficient of 2π is employed in directivity calculations instead of the 4π generally used as only the radiation above the ground plane is considered. The maximum radiation intensity, U max , is given by (see (17)) Therefore (see (18)) The directivity is calculated in MATLAB for a circular array at a height of h ′ = l/13 above the ground plane and presented in Table 1 . The simulated directivity is also obtained in HFSS for the corresponding µ-HSA of Fig. 2a at 88 GHz and shown for comparison. Good agreement is observed between theoretical and simulated values. The minor discrepancy is due to the parasitic radiation below the ground plane which is considered in the case of HFSS simulations, but not accounted for in the theoretical analysis. Gain and radiation efficiency of the µ-HSA are not presented as the theory-based approach does not provide the means for taking material losses into account.
Differential mode
To obtain a directive radiation pattern, semi-circular currents as demonstrated in Fig. 5a need to be induced on the shell surface using a differential feeding structure. The effects of the substrate and stem are ignored in this mode of the µ-HSA as well. The far-field radiation pattern of the antenna can be theoretically calculated by considering the shell as an array of loop antennas, where each loop consists of two half-loops with currents flowing in opposite directions. Each loop is located at a distance of h ′ above and parallel to the ground plane. As the first step toward analysing the differential mode, the far-field radiation pattern of a pair of half-loops will be derived. The current I 0 originating from one via and terminating at the other via is considered to be uniformly distributed on the shell surface to yield a surface current of 2I 0 /(πa).
Radiation pattern of a loop antenna consisting of two half-loops
Fig. 5b presents a loop of radius a cos θ ′ with its centre located at the origin of the coordinate system and consisting of two half-loops, each carrying a current of I = 2I 0 a dθ ′ /(πa) in opposite directions. The size of the loop diameter is in the order of the operational wavelength, and the currents are uniform and in-phase. The vector potential will first be derived for a pair of infinitesimal, symmetric-around-the-origin electric dipoles with lengths of a cos θ ′ dj ′ as shown in Fig. 5b . The total vector potential is then obtained by integrating the incremental vector potentials around the half-loop. Since the current flowing through the loop will only consist of the j-component, A j will be the only non-zero part of the vector potential. The value of the incremental component A j at a far-field point P can be calculated by mapping the currents flowing in the j-direction on the x-axis as demonstrated in Fig. 5c , where two infinitesimal dipoles with current elements of Ia cos θ ′ |cos j ′ |dj ′ flowing in the same directions are shown. The two dipoles are placed at equal distances from the z-axis. Their corresponding vector potential can be derived as
where R 1 and R 2 are the distances between the dipoles and the point P. By applying similar far-field approximations to the case of common mode, the radiation behaviour of two half-loop antennas placed horizontally above a ground plane (Fig. 5d ) is derived as below
where r is the distance between the origin of the coordinate system and the point P, and H n (x) is the Struve function, defined as the solution y(x) to the following non-homogeneous Bessel's differential equation [24] x 2 d 2 y
3.2 Radiation resistance, pattern, and directivity in the differential mode
The µ-HSA in the differential mode consists of an array of half-loop pairs and their images. Each half-loop pair resonates at a specific frequency corresponding to the loop diameter as l = 5 × 2a cos θ (see Appendix 2 for complete derivation). The loop height above the ground plane can be found as h ′ = h + a − a 2 − (l/10) 2 . The radiation at each operating frequency is mainly determined by the specific half-loop pair resonating at that frequency. Owing to the continuous and wide range of loop diameters in the shell geometry, an ultra-wide bandwidth can be achieved.
The normalised H-plane radiation pattern of a pair of half-loop antennas with diameters of l/5 is demonstrated in Fig. 6a . The normalised H-plane radiation pattern of a corresponding µ-HSA with a diameter of 800 µm placed at a distance of 170 µm above the ground plane is also obtained using HFSS simulations and plotted in Fig. 6a for comparison. Excellent agreement is observed between the simulated and theoretical patterns. 
IET Microw. Antennas Propag., pp. 1-11 6 The time-averaged power moving out of each half-loop pair with electrical and magnetic fields of E and H can be written as (see (22)) The radiation resistance of each half-loop pair can be derived from the above expression as (see (23)) The frequency response of the µ-HSA in the differential mode can be studied in a similar manner to the common mode. The integral of (23) is calculated in MATLAB for the µ-HSA of Fig. 5a and plotted in Fig. 6b . The lower-bound of the frequency range corresponds to the size of the shell diameter and can be calculated as 80 GHz for a diameter of 800 µm. The upper-bound is reached at a diameter corresponding to 170 GHz for the µ-HSA of Fig. 5a . The reflection coefficient can be calculated as
where R r and Z ref are the radiation and reference resistances, respectively. The reflection coefficient of the µ-HSA of Fig. 5a is plotted in MATLAB for a reference impedance of 80 Ω and depicted in Fig. 6c . It is seen that the µ-HSA in the differential mode demonstrates an ultra-wide bandwidth of more than 83 GHz, from 87 to 170 GHz. The S 11 is also obtained using HFSS simulations and plotted in the same figure for comparison. Reasonable agreement is achieved between theoretical and simulation results. The directivity of the antenna can be derived in a manner similar to the common mode. The maximum radiation intensity, U max , is written as
and the directivity is calculated as (see (26)) Table 2 presents the simulated and theoretical directivity values of the µ-HSA in the differential mode at the centre frequency of 120 GHz. A closer match is obtained in this mode compared with the common mode. This is due to the lower parasitic radiation below the ground plane as also observed in the radiation pattern of Fig. 6a .
Sensitivity analysis of the µ-HSA
In this section, the sensitivity of the antenna bandwidth (defined as the frequency range for which the reflection coefficient is below −10 dB) is evaluated with respect to variations in the shell diameter and substrate thickness. According to (15) and (24), these two parameters have the most pronounced impact on the antenna bandwidth. The shell will be optimised for ultra-wideband performance and low bandwidth sensitivity in both modes.
Common mode
First, the effect of shell diameter variations will be studied while the substrate thickness is fixed at 100 µm. The shell diameter is swept from 1050 to 1750 µm in steps of 10 µm. The bandwidth is calculated from (15) for each shell diameter and plotted in MATLAB as demonstrated in Fig. 7a . We define bandwidth sensitivity as the absolute value of the difference between the bandwidths at two consecutive steps (step size of 10 µm). The bandwidth sensitivity is also calculated and demonstrated in Fig. 7a . Though the µ-HSA exhibits its widest bandwidth at a diameter of 1180 µm, this value is not a suitable choice as the sensitivity is high. A practical compromise between an ultra-wide bandwidth and a low bandwidth sensitivity can be achieved for a shell diameter of about 1350 µm, where the bandwidth is reasonably high (∼58 GHz) and the sensitivity is at its lowest value. The same procedure is performed to study the effect of substrate thickness variations on the ultra-wideband performance of the antenna. Fig. 7b demonstrates the variations in the antenna bandwidth and bandwidth sensitivity for substrate thicknesses ranging from 20 to 140 µm in steps of 1 µm. The shell diameter is considered to be 1350 µm. Substrate thicknesses of larger than 140 µm are not considered as HFSS simulations demonstrated that high-order surface-wave modes would be excited in such thick substrates. These higher-order modes cause parasitic sidelobes in the radiation pattern and consequently reduce the radiation efficiency of the antenna. According to Fig. 7b , the sensitivity remains constant for the whole thickness range and the bandwidth is reduced by 2 GHz for every 10 µm increase in the substrate thickness. The thinner the substrate, the better the ultra-wideband performance that can be achieved. However, the shell structure becomes fragile if the substrate becomes too thin. A substrate thickness of 100 µm is therefore chosen as a good compromise for the common mode operation of the antenna.
Differential mode
First, a diameter sweep from 600 to 1200 µm with steps of 10 µm is performed for a substrate thickness of 100 µm. Fig. 7c demonstrates the antenna bandwidth [derived in MATLAB from (24)] and 
bandwidth sensitivity with respect to variations in the shell diameter. A µ-HSA in the differential mode exhibits its widest bandwidth at a diameter of 800 µm. Though the antenna demonstrates a relatively high sensitivity at this diameter, it still retains its ultra-wideband performance over a wide range. For example, an increase of 50 µm in the shell diameter would result in a minor reduction of the bandwidth from 84 to 77 GHz, and so the antenna would still be considered ultra-wideband. A diameter of 800 µm will therefore be considered as the optimal value for the differential mode operation. For a µ-HSA with a diameter of 800 µm, the bandwidth and bandwidth sensitivity with respect to the substrate thickness are plotted in Fig. 7d . The highest bandwidth along with the lowest sensitivity can be achieved for a substrate thickness of 70 µm. A thickness of 100 µm will be considered to avoid substrate fragility as discussed previously in the common mode section.
The optimum dimensions of the µ-HSA for both operational modes are summarised in Table 3 . These values will be considered for the fabrication process of the antenna. The antenna can be fabricated using a micro-fabrication process that has recently been developed for manufacturing 3D, curved MEMS resonators [16] . The process flow developed will be modified to implement the CPW feeding structure and enable the shell to radiate as an antenna.
Conclusion
A theory-based approach is proposed for the analysis of the micro-scale HSA. The antenna exhibits an ultra-wideband performance in two different operational modes and is a promising candidate for high-resolution imaging and high-speed wireless communication systems. Closed-form expressions are derived for the radiation pattern, input impedance, bandwidth, and directivity of the antenna operating in each mode. All derivations are verified with HFSS simulations.
A theoretical sensitivity analysis is also performed to evaluate the effects of fabrication inaccuracies on the ultra-wideband performance of the antenna. It is demonstrated that for specific dimensions, the antenna performance becomes highly sensitive to geometrical variations. The antenna structure is then calibrated for optimal performance as well as minimal sensitivity to fabrication inaccuracies. The proposed theoretical analysis provides the means for: † Deriving closed-form solutions for the radiation parameters of the antenna. † Designing the antenna for the highest operational bandwidth. † Calibrating the antenna structure for the lowest possible sensitivity to fabrication tolerances.
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The authors would like to acknowledge Dr. Arnaud Amadjikpe for his helpful comments and insights. where t is the finite thickness of the dipoles which needs to be considered to avoid singularity at the source location (R = 0) observation. The input impedance of the infinitesimal dipole of Fig. 8a can be calculated by employing (28) and (29) in (27). The imaginary part of the input impedance of a thin-wire dipole placed at a height h ′ above the ground plane (X in ) is plotted in MATLAB and depicted in Fig. 8b . Two zero-crossings can be identified at the heights of h 1 ′ = l 1 /21 and h 2 ′ = l 2 /13. For the shell antenna of Fig. 2a , the minimum value of h ′ defining the maximum operation frequency of the shell is equal to the shell height h = 175 µm resulting in l 1 = 21h 1 ′ = 3.5 mm and l 2 = 13h 2 ′ = 2.27 mm for the minimum wavelengths, or f 1 = 85 GHz and f 2 = 132 GHz for maximum operating frequencies. For higher operation frequencies (above 100 GHz), the height h 1 ′ = l 1 /21 would not correspond to the resonance frequency of any of the constituent arrays. Therefore, the height h 2 ′ = l 2 /13 is considered as the resonance point of the array.
Appendix 2: The resonance frequency of two half-loops
A pair of half-loop antennas with currents I 0 flowing in opposite directions, placed at a height h ′ above a ground plane as demonstrated in Fig. 5d is considered. The loop has a radius of a ′ and is driven by a delta-function voltage-source placed across an infinitesimal gap between the two half-loops (at j = 0). The distance between each loop and the ground plane h ′ can be expressed as
where a and h are the radius and height of the shell, respectively. The voltage-source drive, V 0 δ(j), can be found by integrating the electric field along the length of the loop
